ABSTRACT. The paper develops general, discrete, non-probabilistic market models and minmax price bounds leading to a price interval. The approach provides the trajectory based analogue of martingale-like properties as well as a generalization that allows a limited notion of arbitrage in the market while still providing coherent option prices. Several properties of the price bounds are obtained, in particular a connection with risk neutral pricing is established for trajectory markets associated to a martingale model. A result is stated for the evaluation of the price bounds by a recursive procedure.
INTRODUCTION
The market model introduced by Britten-Jones and Neuberger (BJ&N) in [13] incorporates several important market features: it reflects the discrete nature of financial transactions, it models the market in terms of observable trajectories and incorporates practical constraints such as jump sizes as well as methodological constraints in terms of the quadratic variation. Market frictions can also be included naturally. The book treatment of this model in [23] also emphasizes the fundamental characteristics of the model's assumptions. Our original interest in this model stemmed from recent developments on non probabilistic market models ( [3] , [4] ), the setting of [13] can be seen as a natural discrete version of these continuous time models. The present paper develops a framework that generalizes and formalizes the original BJ&N model and, along the way uncovers some new phenomena not noticed in [13] .
The framework of the paper is a discrete market model M whose elements are pairs (S, H), S a sequence of prices and H a sequence of portfolio functions acting on S representing the portfolio holdings H(S) along S. For a given European option Z, we prove existence of a pricing interval [V (Z),V (Z)] under conditions that allow for arbitrage opportunities in the market. The co-existence of arbitrage and the price interval follows as a consequence of the approach and reflects a basic financial situation. Market players involved in the option's transaction may not be aware of the location of the arbitrage or may need/prefer the option's contract sure benefits against the potential arbitrage rewards. For market agents transacting in the option, any market price falling outside the price interval generates an extended arbitrage opportunity (relative to the market model M ) for one of the agents involved in the option's transaction. This extended arbitrage provides a profit for all elements of S and, so, it is riskless.
Part of the practical relevance of the interval [V ,V ] will depend of the relative sizes of the sets S and H , the collection of all trajectories and all portfolios, respectively, occurring in M . On the one hand, we should design S to be large enough so that it allows for arbitrarily close approximations of stock charts but not any larger so as not to artificially enlarge the bounding interval. On the other hand, H should include only portfolios that can be implemented in practice (albeit in an idealized way) as the introduction of more powerful, but impractical, hedging strategies may artificially shrink the bounding interval. The fact that a minimization is required over the set of portfolios directs attention to the issue of membership to H , it is Date: Received: date / Accepted: date.
The research of S.E. Ferrando is supported in part by an NSERC grant.
well known that judicious choice of portfolio sets can change substantially the properties of the associated market in continuous time (see for example results on non-semimartingale processes in [11] ).
The framework forces questions, dealing with arbitrage and hedging approximations, to be dealt with in a trajectory based sense. We show that when these questions are pursued from this point of view one obtains natural conditions which do not refer to any probabilistic notions. The no arbitrage conditions obtained in our paper, see Corollary 1, should be contrasted with the analogous conditions in [12] (see also [6] ) in stochastic settings. Related no arbitrage results in terms of properties of paths are in [5] .
What are the fundamental path properties, independent of the probability measure, of a discrete time martingale, that permits to obtain no-arbitrage results? The simple notion answering this question, provided by Definition 7, allows for a natural development of arbitrage-free markets without probabilities.
The set of portfolios H allows to define the notion of 0-neutral market (see Definition 10), a weakening of the no-arbitrage property that still allows for a price interval (see Theorem 5) and many martingale-like properties to go through in a trajectory based setting while permitting a limited notion of arbitrage. 0-neutral markets are obtained from trajectory sets obeying the local 0-neutral property (see Definition 11 and Theorem 4), this condition should be contrasted with the notion of sticky processes ( [19] , [7] ) which is fundamental to guarantee the removal of any possible arbitrage in a model with non-zero transaction costs. We obtain a similar result for trajectory sets obeying the local 0-neutral property and a market with transaction costs in [16] .
In the absence of a probability measure, modelling objects (trajectories, portfolios, stopping times, etc.) are treated here through a robust perspective ( [8] ) and so are subject to relevant optimizations. The logical constraints imposed by arbitrage related notions can be encoded by the supremum and infimum operators; which, most of the times, are being used to ascertain the existence of an object with the prescribed properties. These operators also appear when we price options; in this respect, a minmax perspective can be perceived as too extreme ( [26] ) as it considers a worst scenario approach, this view can be deceptive as the meaning of worst scenario is tide up to the functional being optimized and the actual model. In the case of option pricing, the functional proposed in BJ&N is the pathwise error and thus reflects the underlying purpose behind risk neutral pricing, namely pathwise hedging approximation. To provide support for this point of view we show that, for an attainable option in a discrete martingale market model, the risk neutral pricing can be seen as an example of the minmax pricing described in our paper. Here our approach becomes conceptually close to model uncertainty (we mention [21] as a representative from the new emerging literature). Some minmax publications, with rather different points of view from our paper, with applications to finance are: [1] , [15] and [24] , among other references.
The emphasis of the paper is to establish basic theoretical properties that follow from the proposed framework. The original example which motivated the present work is described in detail in [13] and [23] . We provide more examples and deal with computational matters in [14] ; we expect to make clear that the setting is quite flexible, several numerical examples and processing of market data can be found in [22] .
A summary of the paper's contents is provided next. Section 2 introduces trajectory and portfolio sets leading to trajectory based discrete market models to be used in the paper and remarks on the scope and generality of the framework. Section 3 describes conditions for discrete markets to be arbitrage-free. A trajectory based analogue of the martingale property is introduced in Definition 7 (local up-down property) and used to obtain arbitrage-free markets in Corollary 1. A trajectory based version of the optional sampling theorem is established as well. An example of an arbitrage-free discrete market is introduced so that its trajectory set can not be the support of any martingale. The result is achieved by introducing a constraint in the set of portfolios. Section 4 introduces 0-neutral discrete markets which generalize arbitrage-free markets. A local version of this notion is introduced in Definition 11, it guarantees that discrete markets are 0-neutral for arbitrary portfolio sets (see Theorem 4) . Section 4.1 defines global minmax bounds for a given option Z. Section 4.2 introduces minmax functions providing the analogue of integrability conditions (in the probabilistic setting) for our framework. Existence of a price interval [V (Z),V (Z)], under 0-neutrality hypothesis, is proved in Theorem 5. Section 4.3 describes the meaning of the pricing interval when the market allows for arbitrage. Section 4.4 deals with attainable functions, a generalization of this notion and some implications. Section 5 studies a general trajectory based market associated to a martingale market model and draws connections between the introduced bounds and risk neutral pricing. Section 6 introduces the analogue of the price bounds but this time defined through a local minmax optimization. This, dynamic programming based notion, is compared to the global definition previously introduced in Section 4.1. Section 7 briefly indicates how the formalism can be extended to incorporate other sources of uncertainty besides S, all notions and results in the paper apply to this extended setting as well. Section 8 concludes. The appendixes A, B and C collect further results, proofs, as well as some technical results needed in the main body of the paper.
GENERAL, DISCRETE, NON PROBABILISTIC MODEL
The paper concentrates entirely on discrete, non probabilistic (NP), market models of the type introduced in [13] . Despite of this fact, we will briefly comment how this class of models connect with non probabilistic, trajectory based, time continuous models recently introduced in [3] and further developed in [4] . Describing this connection provides a perspective to the framework of the paper and allows to place the introduced models in relationship with the ordinary stochastic market models (the relationship with stochastic market models is developed in [3] ). The models introduced in [3] are of the form M = (J , A ) where J is a trajectory space, i.e. x ∈ J implies x : [0, T ] → [0, ∞] and A is a set of portfolios, i.e. Φ ∈ A implies Φ = (φ , ψ), Φ : [0, T ] × J → R 2 where φ (t, x) represents the investment in the risky asset x at time t and ψ(t, x) the investment in a riskless asset which we will assume to be a bank account with interest rates r = 0.
The portfolio value is then given by V Φ (t, x) = ψ(t, x) + φ (t, x) x(t). The space J allows for a trajectory based notion of integration, the main example of which is Föllmer's integral for functions of well defined quadratic variation [17] and its associated Föllmer-Ito calculus. In this setting, one can then define, in a non probabilistic way, the traditional notions of predictability, self financing, no arbitrage, stopping times, etc. for these models. Reference [3] provides no arbitrage results as well as connections with stochastic models.
The main characteristic of the models to be introduced is that they are discrete in a way that the mentioned trajectory based integrals, used in [3] , become finite sums.
Definition 1 (Trajectory Set)
. Given a real number s 0 a set of (discrete) trajectories S = S (s 0 ) is a subset of the following set
Definition 2 (Portfolio Set). Given a real number s 0 , a portfolio H is a sequence of (pairs of) functions
H = {Φ i = (B i , H i )} i≥0 with B i , H i : S → R, where S ⊆ S ∞ (s 0 ). A portfolio H is said to be self-financing at S ∈ S if for all i ≥ 0 (2.1) H i (S) S i+1 + B i (S) = H i+1 (S)S i+1 + B i+1 (S).
A portfolio H is called non-anticipative if for all S, S
′ ∈ S , satisfying S ′ k = S k for all 0 ≤ k ≤ i, it then follows that Φ i (S) = Φ i (S ′ ).
Definition 3 (Trajectory Based Discrete Market).
For a given real number s 0 , a set of trajectories S ⊆ S ∞ (s 0 ) and a set of portfolios H , a trajectory based discrete market M is a set satisfying the following properties:
H is non-anticipative and self-financing at S.
If H = 0 = {(0 i , 0 i )} i≥0 (where 0 i are the function 0 i (S) = 0) denotes the 0-portfolio; for any discrete market M we will assume {H = 0} ∈ H , with N 0 ≡ 1.
For short, the set M will be called a discrete market. The following notion will be needed later in the paper.
The above setting can be extended to account for other sources of uncertainty, to accommodate this extensions is mostly a matter of notation and, so, to keep the developments in their simplest form, we decided to postpone to Section 7 for an account of this extension.
Definition 4 (Bounded Discrete Market). The market M will be called n-bounded, if there exists n
The mathematical definition of market model M , when applied to an unfolding stock chart S(t) and bank account B(t), uses the following interpretations. The numbers H i (S) and B i (S) are interpreted, respectively, as the holdings on the stock and the balancing bank account just after the i-th. trading has taken place. S i is the value taken by the unfolding chart at the i-th trading. To summarize: the portfolio values (B i (S), H i (S)) are held in the trading period (i, i + 1], the definition of M includes trajectories and portfolio re-balancing, a trajectory dependent number of times, until the position in the stock is liquidated. When valuing options N H (S) will be an instance before the European option expires.
Given (S, H) ∈ M , the self-financing property (2.1) implies that the portfolio value, defined by V H (i, S) = B i (S) + H i (S) S i equals: 
The above definitions are natural generalizations of the ones introduced in [13] (see also the book presentation of the material in [23] ). The definitions make explicit the notion of market model by formalizing the notion of set of portfolios (left out informal in [13] ).
Informally, we explain the rather general nature of the above introduced framework. Notice that nothing requires H i (S) = H i+1 (S), in particular, actual rebalancing of the stock holdings could have stopped well before N H (S)− 1. S i+1 is the stock value at which investors H ∈ H , that have invested so far H k (S), 0 ≤ k ≤ i, will rebalance their holdings to H i+1 (S).
To avoid a too restrictive interpretation of the numbers S i one should consider the case where there is a given set continuous time trajectories {x : x : (0, ∞) → R}, (possibly, paths of a process x(t) = X t (w)) and the S i are obtained by sampling these trajectories. Namely, S i = x(t i ) and notice that we may have Having the notion of a discrete financial market model we can naturally define the notion of arbitrage.
Definition 5. Given a discrete market M , we will call H ∈ H an arbitrage strategy if:
We will say M is arbitrage-free if H contains no arbitrage strategies.
It is customary to add the extra condition V H (0, S 0 ) ≤ 0, this will make the arbitrage condition stronger and, hence, its logical negation giving a weaker no-arbitrage condition. In any case, by not imposing the constraint V H (0, S 0 ) ≤ 0, Definition 5 reflects the fact that one could make a profit without risk even though an initial positive capital may be involved. The following conditional space will play a key role. Given M and fixed S ∈ S and k ≥ 0, set
The analogous of the sets S (S,k) in stochastic models are, in general, sets of measure zero. The multiplicity of these sets indicate the incomplete nature of the markets that we are introducing.
For S ∈ S we will use the notation ∆ i S ≡ S i+1 − S i for i ≥ 0. Whenever convenient, the tuple (S, k) or the triple (S, H, k) will be referred generically as a node.
We isolate the following obvious result as it will be quoted later on. 
ARBITRAGE-FREE TRAJECTORY BASED MARKETS
This section provides necessary and sufficient conditions for a discrete market to be arbitrage-free. Several proofs as well as intermediate definitions are presented in Appendix A.
The following definition represents the situation when we know a trajectory S and an instance j where an arbitrage opportunity will arise. It also assumes the existence of a portfolio H that takes advantage of the arbitrage opportunity. The logical negation of the conditions in Definition 6 will give local sufficient conditions to obtain (global) no arbitrage results. inf
and
A discrete market M is said to be free of local arbitrage if it has no local arbitrage at any node (S, H, j).
The next theorem provides sufficient and necessary conditions for absence of arbitrage.
Theorem 1. Consider a discrete market
(2) Assume M to be arbitrage-free and for any (S, H) ∈ M and j ∈ N, define H j : S → R given by,
Proof. The proof of item (1) is presented in Appendix A. For the proof of (2), assume M is arbitrage-free and suppose M has a local arbitrage. Then, there exist (S, H) ∈ M and j ∈ N such that inf
and sup
Then H j (S)(S j+1 − S j ) ≥ 0 for allS ∈ S (S, j) and there exist S * ∈ S (S, j) such that H j (S)(S * j+1 − S j ) > 0. Consider H j : S → R as in the statement of the theorem, it follows that:
Since, by hypothesis, H j ∈ H , it follows that M has no local arbitrage.
Theorem 1, item (1), does not exclude doubling strategies but still concludes M to be arbitrage-free. In order to obtain no-arbitrage results, doubling strategies have to be excluded in stochastic markets as they provide strong arbitrage in the class of almost simple portfolios ( [6] ). In general, it is the existence of certain sets of measure zero (not present in our approach) that allow doubling strategies to be arbitrage strategies.
It is crucial to have conditions that involve only the set S (as opposed to the conditions also including H ) and that guarantee the discrete market to be arbitrage-free. This is the purpose of the next definition.
Definition 7 (local up-down property).
A trajectory space S is said to satisfy the local up-down property if for all S ∈ S and j ≥ 0, the following holds:
or:
If (3.3) or (3.4) hold, we will say that the up-down property holds at node (S, j).
The following corollary provides necessary and sufficient conditions, involving the local up-down property, for arbitrage-free markets. Proof. Part (1). Conditions (3.3) and (3.4) are items (5) and (7), respectively, in Lemma 6 (see Appendix A). Therefore, Theorem 1 applies and so implying the conclusion. For part (2) we proceed by contraposition, therefore, there exists S ∈ S and j ≥ 0 such that
both hold for at least one choice of sign ±. This implies the existence of a local arbitrage and the result follows.
According to Corollary 1, the local no-trend condition (3.3) implies that there is no-global trend that can be exploited for a global arbitrage. The local up-down property plays the analogous role to the martingale property in a stochastic setting, with this in mind one can try to prove martingale-type results. We provide one such example with a trajectory based version of the optional sampling theorem. 
We refer to [25] (see also [4] ) for an account of the relationship between the above notion of trajectory based stopping time and filtration based stopping times. We will make use of the following notation, given a trajectory space S and a stopping time ν set:
Lemma 1. Given a trajectory space S and a stopping time ν defined on S , fix S ∈ S , n ≥ 0 and assume
Proof. AssumeS ν ∈ S ν (S ν , n), this means that there existS ∈ S satisfying
Suppose that ν(S) ≤ n, then (3.5) and the fact that ν(S) ≥ n + 1 imply:
Hence ν(S) = ν(S) which contradicts our standing assumption ν(S) ≥ n + 1. Therefore, it follows that ν(S) ≥ n + 1. Then (3.5) implies
and soS ∈ S (S, n). Conversely, assumeS ∈ S (S, n) and hence (3.6) holds and implies
whenever ν(S) ≥ n + 1 and so in this case we have establishedS ν ∈ S ν (S ν , n). It remains then to consider the case ν(S) ≤ n, but this is impossible as if it were true we could conclude from (3.6) that ν(S) = ν(S) which will contradict the standing assumption that ν(S) ≥ n + 1.
Lemma 2.
Given a trajectory space S and a stopping time ν defined on S , fix S ∈ S , n ≥ 0. The following holds
We split the proof in two cases. Case I: consider that ν(S) ≤ n, hence the right hand side of (3.7) equals 0.
It follows that the left hand side of (3.7) equals:Ŝ
Case II: consider now ν(S) ≥ n + 1, in this case the right hand side of (3.7) equals (Ŝ n+1 − S n ) which we will prove also equals its left hand side. If ν(Ŝ) ≤ n and given that ν(S) ≥ n it follows from (3.8) thatŜ k = S k for all 0 ≤ k ≤ ν(Ŝ) and this implies ν(S) = ν(Ŝ) leading to a contradiction. Therefore, under current Case II, we should have ν(Ŝ) ≥ n + 1, but then
The following is our version of the optional stopping theorem for martingales.
Theorem 2. Let S be a trajectory space that satisfies the local up-down property from Definition 7 and ν a stopping time defined on
satisfies the up-down property as well.
Proof. Fix S ν ∈ S ν and n ≥ 0. We consider first the case when ν(S) ≤ n, where
In the case that ν(S) ≥ n + 1, again by Lemma 2,
where we used Lemma 1. A similar result to equation (3.9) can be obtained for the infimum as well. These results and the fact that S satisfies the up-down property concludes the proof.
Usually, the optional stopping theorem involves the statement E(X τ ) = E(X 0 ), where X k is a martingale and τ a filtration based stopping time. We prove the analogue of this statement in Corollary 3 which is when we have available the needed definitions and results.
3.2. Non Martingale Trajectory Sets. Clearly, for finite sets the local up-down property reflects a basic property of the paths of discrete time martingales. We elaborate more on this connection in Section 5. Possible examples of discrete markets M which are arbitrage-free but such that S is not the support set of a martingale process require some additional structure. For example, if transaction costs are incurred each time H j (S) is re-balanced then it is possible to weaken the conditions in Definition 7 in such a way that M is still arbitragefree but S can not be recovered as paths of a martingale process ( [16] ).
One can also impose some natural constraints on H so that M is still arbitrage-free for cases where S is not related to any martingale process. Towards this goal, we present another related no-arbitrage result which will allow us to present examples of trajectory classes that are not the support set of a martingale process (while, at the same time, the market being arbitrage-free).
The conditions below allow to have a local upward or downward trend at some nodes as long as there is the possibility of an immediate opposite correction. Below, we use the short hand notation H −1 (S) = 0 as a convenient way to impose the hypothesis that market participants did not have any stock holdings previous to their first trading instance at i = 0.
Definition 9. A discrete market model M = S × H is said to allow for local fast trends if the following conditions are satisfied at all j ≥ 0 and all S ∈ S :
We have the following results. The definition of W − j (S, H, M ), below, is given in Appendix A.
Lemma 3. Consider a discrete market M = S × H that allows for local fast trends. For any integer n, and any H
Proof. Fix H ∈ H and n ∈ N, and proceed by induction; it is certainly true for j = n, so assume it holds for
where one can check that the last inequality follows by properties (2) and (3) in Definition 9.
Theorem 3. If a discrete market M = S × H allows for local fast trends, then it is arbitrage-free.
Proof. It is enough to consider H ∈ H such that H = 0. Let i * be the smallest integer such that there exist S * ∈ S so that H i * (S * ) = 0. Property 1 from Definition 9
then implies H i * +1 (S * ) = 0. It follows that 0
Consider first the case in which both inequalities in item (2) from Definition 9 are actually strict inequalities, then by Lemma 3:
On the other hand, if at least one inequality in item (2) from Definition 9 is not strict, it follows that property 3 of Definition 9 holds for at least one of the signs ±; we will handle both cases with the same argument. Therefore, there exist S ± ∈ S (S * , i * ), satisfying (S
where the last inequality follows from the fact that 0
and item (3) from Definition 9. We will now argue that (3.10) implies W
Therefore, we have concluded that
Given that j − 1 < i * and from our choice of i * , it follows that H j−1 (S * ) = 0, then,
where we used the fact that S * ∈ S n (S * , j−1) .
It follows that W
; then, an application of Lemma 9 in Appendix C allows us to conclude:
Therefore, (2.2) holds for any H ∈ H such that H = 0 and hence Proposition 1 implies that M is arbitrage-free.
Example: Fast Local Trend Market Free of Arbitrage.
In order to provide a general example of a discrete market M satisfying the hypothesis of Theorem 3, consider a trajectory set S C satisfying items 2 and 3 from Definition 9. Let τ = {τ i } be a non-decreasing sequence of stopping times defined on
Given an arbitrary set of non-anticipative portfolios H define, for each H ∈ H :
, wherek is the largest integer such that τˆk(S) ≤ k.
Therefore, item (1) from Definition 9 is satisfied and hence M = S C × H C satisfies the hypothesis of Theorem 3 and so it is arbitrage-free.
The above class of examples are motivated by Cheridito's result in a continuous time setting ( [11] ) where a constraint is imposed so that transactions can not be performed consecutively if the time interval between them is smaller than an a-priori given real number δ > 0. Under this constraint, fractional Brownian motion can be proven to be arbitrage-free (see also [12] and [6] ).
Notice that condition (2) from Definition 9, without imposing conditions (1) and (3) as well, allows for an arbitrage opportunity. Condition (2) will be discussed at length in the next section.
PRICING WITH ARBITRAGE IN 0-NEUTRAL MARKETS
We introduce next a weakening of the notion of an arbitrage-free discrete market. The new concept permits to make available many martingale-like properties in a discrete market while simultaneously allowing for a limited notion of arbitrage opportunities and a well defined price interval for options.
Definition 10. A discrete market M is called 0-neutral if the following equality holds:
inf
The next proposition shows that 0-neutral is a necessary condition for a discrete market to be arbitrage-free.
Proof. Denote with v 0 the left hand side of (4.1). Consider the possibility that v 0 < 0, it follows that there exists a portfolioH ∈ H such that:
This is a contradiction with the fact that M is arbitrage-free, therefore we conclude that v 0 ≥ 0.
Consider now the portfolioH = 0, then:
Given that we just concluded that v 0 ≥ 0, it follows that v 0 = 0.
As it will be made clear soon enough, the converse of Proposition 2 does not hold in general. We have seen that the trajectory based analogue of a martingale is the local up-down property of a trajectory set. The following definition presents a weakening of this last property.
Definition 11.
A trajectory space S is called locally 0-neutral if for all S ∈ S and j ≥ 0, the following holds:
If (4.2) holds, we will say that the local 0-neutral property holds at node (S, j). Notice that (4.2) is the same as condition (2) in Definition 9. Moreover, if S is locally 0-neutral at a node (S, j), it follows that:
We have the following analogue of Corollary 1 (we have weakened the hypothesis as well as the conclusion).
Theorem 4.
Given a local 0-neutral trajectory space S , the discrete market S × H is 0-neutral for any portfolio set H . Proof. Fix an arbitrary H ∈ H and define S n (H) = {S ∈ S : N H (S) ≤ n} for integers n ≥ 0 such that S n (H) = / 0. By following similar arguments to the ones used to prove Lemma 7 (see Appendix A), we can easily prove W − 0 (S 0 , H, M n ) ≥ 0 where this quantity is introduced in Definition 21 (the lemma and definition are in Appendix A). An application of Lemma 9, in Appendix C, implies
The result then follows.
A 0-local node (S, j) satisfying supS ∈S (S, j) (S j+1 − S j ) > 0 and infS ∈S (S, j) (S j+1 − S j ) = 0 provides a clear arbitrage, nonetheless, we will see in the next section that a well defined option pricing methodology is still possible.
Minmax Bounds.
We now introduce the price bounds for a future profile Z(S) under the assumption that the present value of the stock is s 0 and that the stock will unfold through elements S ∈ S and possible holdings on the stock are given by H(S), H ∈ H . We provide the fundamental pricing definitions by means of a global minmax optimization, this optimization was obtained in [13] as a result of no arbitrage considerations. We provide basic results that show the import of the minmax bounds, other properties are relegated to Appendix B.
Definition 12. Given a discrete market M = S × H and a function Z : S → R, define the following quantities:
Essentially, the quantity V (S 0 , Z, M ) is the smallest initial capital V 0 such that there exists a portfolio in H that, when used along with this initial capital, will upper-hedge the function Z uniformly on the trajectory space S . Similarly, V (S 0 , Z, M ) is the largest initial capital such that there exists a portfolio in H that, when used along with this initial capital, will lower-hedge the function Z uniformly. The precise statements are provided in Propositions 5 and 6.
The general setting works with a general function Z : S → R; in order to connect with financial applications, we will refer to Z as an European option when there exists an integer M andẐ : R M → R and stopping times τ i ≤ τ i+1 , i = 1, . . . , M, so that Z(S) =Ẑ(S τ 1 (S) , . . . , S τ M (S) ). The functionẐ will be called a payoff, notice that the setting allows for path dependency. For a European call or put option (and so M = 1) portfolios in H could/should be required to satisfy N H (S) ≤ τ 1 (S) for all H ∈ H and for all S.
General and sufficient conditions on a function Z that guarantee finite values for V (Z) and V (Z) are presented in Section 4.2.1. American options can also be accommodated, we refrain from doing so under the current assumption of zero interest rates.
We will need to generalize the above notions of minmax bounds to contemplate the possibility of conditioning on given values of S and trading instance k. We present the basic definitions next.
Definition 13 (Conditional Minmax Bounds). Given a discrete market
Definition 14 (Conditionally 0-neutral). We say that a discrete market M is conditionally 0-neutral at S ∈ S , and k ≥ 0, if
Observe that, for k = 0, the conditional 0-neutral property does not depend on S, and reduces to 0-neutral.
Proposition 3.
Given a discrete market M = S × H , S * ∈ S and 0 ≤ k, assume the local 0-neutral property is satisfied at any node (S, j) withS ∈ S (S * ,k) , and j ≥ k. Then, M is conditionally 0-neutral, at S * and k.
Proof. Set S k ≡ S * . Then M k , defined in Appendix C, is a discrete market with the local up-down property, since for anyŜ ∈ S , i ≥ 0 andŜ ∈ S (Ŝ,i) it is verified that
Thus, Theorem 4 holds for this discrete market. It then follows that
Remark 2. Notice that, if S is locally 0-neutral, the above proposition shows M to be conditionally 0-neutral at any node (S * , k) for any portfolio set H .
Minmax Functions.
The integrability conditions, required for payoffs in a probabilistic setting, are replaced in the proposed framework by the, so called, minmax functions.
Sufficient Conditions for Boundedness of V (Z) and V (Z).
Consider a discrete market M = S × H , and a function Z defined on S .
Definition 15. Given a finite sequence of stopping times
, and b ∈ R, we call Z an upper minmax function if
Similarly, Z is called a lower minmax function if
The folowing examples show that some common options belong to the class of minmax functions.
Examples:
(1) If Z is an European call option with strike price K > 0, for a stopping time N(S),
then Z is an upper minmax function with n = 1, a 1 = 1, ν 1 (S) = N(S), and b = 0.
(2) If Z is an European put option with strike price K > 0 and N(S) a stopping time,
then Z is an upper minmax function with n = 1, a 1 = 0 and b = K.
(3) Under the assumption S k ≥ 0 for all S ∈ S and all k ≥ 0; if
and so, Z is an upper minmax function with a i = a for all i = 1, . . . , n.
(4) If
then Z is an upper minmax function with a i = 1 n for all i = 1, . . . , n and b = 0. Notice that, in particular, if S j is bounded from below by a constant for all j, then all of the above functions are lower minmax functions as well.
Definition 16. Given a finite sequence of stopping times
(ν i ) n i=1 with ν i < ν i+1 for 1 ≤ i < n, and a real sequence (a i ) n i=1 , set (set ν 0 = 0 for convenience), (4.4) A l (S) = n ∑ j=i a j if ν i−1 (S) ≤ l < ν i (S) for 1 ≤ i ≤ n, and A l (S) = 0 for l ≥ ν n (S).
Also, for H ∈ H , define the functions H
For reasons of space, the following proposition is presented without proof, detailes will be provided in [14] . 
(2) If Z is a lower minmax function and 0 (−A 2 ) ∈ H , then:
Furthermore: (3) If Z is a lower minmax function and either of the two statements below hold:
(a) M is conditionally 0-neutral at S * and k and for any H ∈ H , H (−A 3 ) ∈ H .
(b) S satisfies the local 0-neutral property. Then: Then:
Where for 1 ≤ i ≤ 4 the sequences (A i l ) l≥0 are given by (4.4) , and
Remark 3. Results (3) and (4) from Proposition 4 will be useful shortly in the following form:
It is useful to keep in mind the following obvious result.
Proposition 5. Consider a discrete market M = S × H , a function Z defined on S and ε > 0.
•
where N = NĤε (S).
The following simple result shows that the upper-hedging and lower-hedging results in Proposition 5 are tight in a trajectory based sense.
Proposition 6. Assume a function Z defined on a discrete market model M is given.
The bounds can also be re-cast in a more familiar way:
under the conventions that inf / 0 = ∞ and sup / 0 = −∞. The following proposition shows that in a general discrete market the quantities V (S 0 , Z, M ),V (S 0 , Z, M ) may behave in an unexpected way (but not so in a 0-local market).
Proposition 7. Consider a discrete market model M = S × H , and c an arbitrary constant, then: if Z(S) = c for all S
∈ S , V (S 0 , Z, M ) ≤ c ≤ V (S 0 , Z, M ).
In contrast, notice that if
Proof. Consider the case that M contains an arbitrage opportunity; this implies, in particular, that there exists H ∈ H and:
Consider now the case when M is arbitrage-free; it follows then, from Proposition 2 that
The remaining statement in the proposition clearly holds as well.
The following result relies on the sum of two portfolios, its definition is the natural one and hence omitted. 
Proof. Since by hypothesis
Adding the equations (4.8):
where the last equality follows from the definition ofH ≡H 1 +H 2 . Given that by hypothesisH ∈ H , and ε was arbitrary, (4.9) implies the desired result The result contained in the next theorem plays a key role in the remaining of the paper. 
Theorem 5. Consider a discrete market M = S × H , a function Z defined on S and fix S ∈ S and k
Proof. We will take Z 2 = Z = −Z 1 in Lemma 4. Under assumption a), the result follows directly from the conclusion of Lemma 4. Assume now b), we will make use of inequality (4.9) which is available under our present assumptions. Let H be any portfolio set containing H + H . Then, Proposition 3 shows that S ×H is conditionally 0-neutral at all nodes, in particular at (S, k); therefore, evaluating the infimum overH ∈H in the right hand side of (4.9) and using the mentioned conditional 0-neutral property we obtain
from which (4.10) follows as ε > 0 is arbitrary.
Remark 4. Under condition b) in Theorem 5, the required hypothesis
V k (S, Z, M ) > −∞,V k (S, −Z, M ) > −∞ are
automatic fulfilled if Z is assumed to be a lower and upper minmax function. This follows from Proposition 4.
The following is another condition on S that also ensures (4.10). The proof is immediate and so omitted.
Proposition 8. Consider a discrete market M = S × H , a function Z defined on S , a fixed S ∈ S and k ≥ 0. If there exists a sequence S
and M is conditionally 0 − neutral at(S, k). 
Meaning of Option Prices in

Definition 17. Consider a discrete market M = S × H and a function Z on S . Under the assumption that
Notice that if the actual value, in a traded market, of an option Z lies outside the interval
, one can make use of Proposition 5 to construct a portfolio of the same type as the elements in H in order to achieve a riskless profit in the traded market. This conclusion holds as long as the unfolding path in the traded market belongs to M and the portfolio is implementable in practice. Under these conditions we will say that the trading of the option Z provides an extended (as traded with the option is required) arbitrage opportunity relative to the market M .
Either of the conditions a) or b) in Theorem 5 guarantee a pricing interval and at the same time allow for arbitrage in the market. Under the assumption that an option contract has been traded, the existence of the minmax price interval, independently of the presence of an arbitrage strategy, is substantiated on the need to have enough funds to match the certainty of future financial obligations. This is in contrast to an investment in an arbitrage opportunity which profits are uncertain as they may not materialize in a 0-neutral market. In a general 0-neutral market, an investment following an arbitrage portfolio will not guarantee enough returns under all scenarios in order to cover the obligations required by Z. The 0-neutral condition, in effect, allows to extend many of the martingale properties (in our case the local up-down property) to situations were arbitrage may exist.
The simplest mathematical example illustrating the above financial situation is given by a one-step market M where N H (S) = 1 for all (S, H) and supS ∈S (S 1 − s 0 ) > 0 and infS ∈S (S 1 − s 0 ) = 0 and that, for simplicity, the infimum is realized at a uniqueŜ ∈ S . So, the market is locally 0-neutral; furthermore, if {h ≡ H 0 (S) : S ∈ S , H ∈ H } = R one can also see that V (s 0 , Z, M ) = Z(Ŝ 1 ) where Z(S) = Z(S 1 ) is a European call option. A risk neutral price is not available in this case but the minmax price provides a solution that reflects the above described financial situation. If 0-neutrality does not hold, it is easy to see that the minmax optimization falls back into the arbitrage opportunity by giving V (s 0 , Z, M ) = −∞ and the optimal investment h given by h * = ∞ in the above example.
Furthermore, the argument that there being an arbitrage there will not be an option trading in the first place, and hence the previous scenario does not take place, is blocked by the fact that if we only know that (4.2) holds at each (S, j) it is not known which of the conditional nodes (S, j) may actually be an arbitrage opportunity. The presence of arbitrage nodes will impact the actual value of the option's bounds but without precluding a coherent price interval. The uncertainty on the location of the arbitrage could be handled in a probabilistic or robust way. This illustrates that the new concepts allow to deal with non-equivalent models.
See also related arguments in [20] where, in a context of portfolio selection, a numeraire portfolio is shown to exist under conditions that allow for arbitrage opportunities. 
Analogously, Z is called ε ↓ -downward attainable if there exists H ↓ ∈ H and a number V ↓ such that
Finally Z is called attainable if it is 0-upward attainable, in such a case we use the notation H z = H ↑ and V H z = V ↑ . Notice that Z is 0-upward attainable if and only if it is 0-downward attainable.
The next proposition shows that the length of the price interval is bounded by the maximum profits. Then, the following holds: 
Proof. Introduce the notation
So (4.13) holds.
Similarly If b) holds, it follows from (4.12) that
The above result could be generalized by replacing ε ↑ and ε ↓ by Z ↑ and Z ↓ both upper minmax functions. In this case the right side of (4.13) has to be modified accordingly (it will involve V k (S * , Z ↑ , M ) and
In general, the bounds are not linear as functions of the payoff, the following proposition presents a case where the bounds are additive. 
Proof. By assumption,
Where we have used the abbreviation
with some abuse of notation (as V H z may not be necessarily equal to V H z (0, S)). It then follows that,
Notice that Proposition 9 is applicable and (4.13), jointly with Theorem 5 (or Proposition 8)
. This equality combined with the above inequalities concludes the proof of (4.14). The proof of (4.15) follows from (4.14) after noticing that Z ≡ Z 1 + Z 2 is attainable and
The following result is an addendum to the optional sampling theorem (see Theorem 2) . It expresses a consistency result, namely today's stock price is the minmax price in a 0-neutral discrete market. Moreover, under 0-neutrality, the minmax operator behaves like an expectation, in particular the sequence Π = {Π k } of coordinate projections Π k : S → R, Π k (S) = S k behaves like a martingale with respect to this operator. 
c) there exists S
0 ∈ S (S * ,k) such that S 0 i = S * k for all i ≥ k. If G τ and −G τ belongs to H , then : V k (S * , S τ , M ) = V k (S * , S τ , M ) = S * k .
Where S τ denotes the function Z, defined on S by Z(S) = S τ(S) .
Conversely. Assume τ ≡ k + 1, and for all
∆ i S, for any S ∈ S , and G τ is clearly non-anticipative. So Z = S τ is attainable and it is a lower and upper minmax function, which by Proposition 4 shows that V k (S, S τ , M ) > −∞ and V k (S, −S τ , M ) > −∞. Therefore, Corollary 2 is applicable giving the first result, since
Last inequality holds, because H + G τ ∈ H for all H ∈ H , and then H ⊂ {H − G τ : H ∈ H }. Finally, since the portfolio 0 ∈ H , it follows that
Therefore, M is conditionally 0-neutral at (S * , k).
RELATION TO RISK NEUTRAL PRICING
This section provides a connection between the minmax bounds introduced in the paper and risk neutral pricing. We construct a discrete market M where the trajectories are the paths of a martingale. The portfolios will be given by predictable processes.
Consider a stochastic market model consisting of a probability space (Ω, F , P) where
is a discrete time filtration with F 0 assumed to be trivial. Also there is an adapted process X = {X i } M i=0 taking values on R + and a measure Q, equivalent to P, such that X is a martingale relative to F and Q. This setting represents an arbitrage-free (in a stochastic sense), 1-dimensional market with a deterministic Bank account with 0 interest rates, i.e. we are assuming a second price process that is constant and acting as numeraire. An European payoff Y is a real valued function defined on Ω, non-negative, measurable with respect to σ (X 0 , . . . , X M ) and integrable with respect to Q. The risk neutral price of a such a European claim is then
given by E(Y ), where the expectation is with respect to the measure Q.
Martingale Trajectory Market:
All martingales to be dealt with are relative to a generic risk neutral measure Q. Given a martingale X as introduced above, its natural filtration is given by E = {E i = σ (X 0 , . . . , X i )} i=0,...,M . For convenience we set X −1 = 0, E −1 = E 0 and re-define E = {E i } M i=−1 . Notice that X is a martingale with respect to the filtration E as well.
Let
: U is a predictable process w.r.t. filtration E }.
Y being attainable means that there exists U y ∈ U such that
Consider a measurable subset of full measure Ω 0 ⊆ Ω, such that all random variables X i are defined everywhere on Ω 0 . Ω 0 can be chosen to be common to all risk neutral measures. For each U ∈ U , there exists Borel functions
, therefore, we may consider that processes in U are everywhere defined on Ω 0 . In particular, we can assume without loss of generality that the equality in (5.1) holds everywhere on Ω 0 . For any w ∈ Ω 0 set s 0 = X 0 (w) (this is a constant independent of w) and define
The association described in (5.2) will be denoted by S = X(w). Define (5.3)
Also, we will set N H (S) = M ∀S ∈ S and and all H ∈ H . The association described in (5.3) will be denoted by H = U. We allow arbitrary values for V H (0, S 0 ), initial portfolio values, and define the bank account value sequence {B i } such that portfolios are self financing as indicated in Remark 1. A discrete market M = S × H , with S and H as above, will be called a martingale trajectory market. For the case when Ω is finite, it should be clear that the up-down property then holds for S (this can readily obtained from Theorem 3.1 in [27] . For the case of a general Ω, which falls under the Dalang-Morton-Willinger theorem, the connection between paths of the martingale process and the up-down property is not immediate.
Proposition 10. Portfolios H, in the martingale trajectory markets S ×H defined above, are non-anticipative.
Proof. Let S, S ′ ∈ S and S k = S ′ k , k = 0, . . . , i we need to prove that
Lemma 5. Consider a martingale trajectory market M . Then, for any S ∈ S , and 0 ≤ k < M,
Therefore, M is conditionally 0-neutral at S and k, according to Definition 14.
Proof. Let S = X(w), for w ∈ Ω 0 . Define
Observe that:
The following inequalities holds on Ω w,k for any process U with associated portfolio H:
On the other hand, consider the process U 0 , defined by
and (5.4) holds.
Theorem 6.
Given the stochastic setting as described above, Let Y M be a European payoff which is attainable and satisfies
where
Proof. For 0 ≤ k ≤ M, notice that the following holds for all w ∈ Ω 0 , S = X(w)
where we have used the association H z = U y . Taking the conditional expectation of both sides of (5.6) with respect to E k gives (5.7)
Taking representatives of the two conditional expectations appearing in (5.7) that are defined everywhere on Ω 0 , we can consider that all equalities appearing in (5.7) hold everywhere on Ω 0 . Notice that if we have the association H = U we also have H i (S) = F U i (X 0 (w), . . . , X i (w)) where S = X(w) and 0 ≤ i ≤ M − 1. Therefore, using (5.6) it follows that for all w ∈ Ω 0 and S = X(w),
Applying the same arguments to −Y M we obtain
It then follows that for all w ∈ Ω 0 and S = X(w),
Therefore, for all w ∈ Ω 0 and S = X(w),
We will argue below that Theorem 5 is applicable giving the middle inequality below
which is valid for all w ∈ Ω 0 where S = X(w) and 0 ≤ k ≤ M and will conclude the proof.
Notice that ( Moreover, similar arguments allow us to prove:
where the infimum and supremum are taken over all equivalent martingale measures. Using results from [18] , Chapter 7, and the relations (4.5), one can see that the leftmost and rightmost inequalities in (5.8) are actually equalities.
Model uncertainty is usually treated by considering the set of equivalent measures. There are examples of stochastic market models for which the bounds inf Q (Y ) and sup Q (Y ) provide too large of an interval in order to be informative for practical purposes. From a trajectory point of view such a situation suggests: a) a deficiency of the market model (in particular the trajectory set S may be too large) or b) the need to replace the super-hedging philosophy (and hence risk-free approach) for a risk taking philosophy. In this last case, the error functional used to define the bound V has to be replaced by an appropriate, trajectory based, risk-functional. There are several other logical possibilities besides a) and b), for example including liquid derivatives in the portfolio approximations (see [2] ). The paper [21] deals with super-replication and model uncertainty.
DYNAMIC MINMAX BOUNDS
Arguably, attempting a direct evaluation of the minmax optimization required in (4.3) and in related results, is a daunting task. Moreover, the minmax formulation of the problem gives no clues on how to construct the hedging values H i (S), for a given payoff Z, by means of the unfolding path values S 0 , S 1 , S 2 , . . . We propose next another pair of numbers, namely U 0 (S 0 , Z, M ) and U 0 (S 0 , Z, M ); these numbers are obtained through a dynamic, or iterative, definition, each instance involving a local minmax optimization. Using the new dynamic minmax definitions we provide conditions under which the global and the iterated definitions coincide.
The new bounds are introduced through a dynamic programming optimization. A special case of the procedure was introduced informally in [13] for a specific discrete market model. Here we formalize the validity of the approach in such a way that becomes available in a more general class of models and at the same time indicating the differences with the global minmax approach. As far as we are aware, [9] and [10] are the only references providing a dynamic programming version of the global minmax. From our point of view, their approach has some crucial limitations as we are interested in sets H that satisfy certain basic properties, in particular, we are interested in 0-neutral market models. The set H (playing the role of policies) in dynamic programming is usually left unstructured and extremely large (in order to guarantee apriori the existence of minimizers). These issues are treated in detail in [14] .
In order to avoid technical complications, we introduce the dynamic programming bounds by restricting to bounded trajectory sets as per Definition 4. We will also introduce restrictions on the set of portfolios H .
The following inductive definition gives the basic dynamic programming formulation to compute U(S 0 , Z, M ).
Definition 19.
Consider an n-bounded, discrete market model M = S × H . For a given function Z defined on S , any S ∈ S , and 0 ≤ i ≤ n set
and for 0 ≤ i < M(S),
Remark 5.
(a) Since U 0 (S, Z, M ) and U 0 (S, Z, M ) just depend on S 0 , we adopt the notation
(b) Note that in the previous definition
, and
(S). (c) Observe that, from Lemma 9 (a)
Notice that the above definitions, for the particular case of H containing a single element H, coincide with Definition 21 (appendix A), giving W ± .
Proposition 11.
For any function Z defined on a discrete bounded market model M = S × H , the following inequality holds:
Recursively, setting H i ≡ H, 2 ≤ i ≤ n − 1, we obtain the following inequality:
The result then follows by using (6.3) in combination with (C.1) from Appendix C.
The next corollary is the dynamic analogous of Proposition 2, being a consequence of Theorem 4 and Proposition 11. 
Proof. For (a) we proceed by induction backwards, since
and this is also true if −H j (S) > 0. Thus supS ∈S (S,i) 
Statement (b) follows from Proposition 11 and (a), since
where the last equality comes from Theorem 4.
6.1. Full set of portfolios. We are interested in obtaining the reverse of inequality (6.2) . Results in [9] suggest that having all possible portfolios lead to a solution. ≡ {H j (S) :H ∈ H , S ∈ S (S * ,k) }.
A useful, particular possibility is that I j (S,k)
≡ R, for any k ≥ 0, and S ∈ S . In an upcoming paper ([14])
we work with the above definition and other conditions that ensure equality in the inequality (6.2) and also lead to an efficient method to compute the dynamic bounds. Reference [14] proves the following theorem.
Theorem 7. For a general n-bounded market model M = S × H , where H is FULL, and for a given function Z defined on S , we have
(6.4) V (S 0 , Z, M ) = U 0 (S 0 , Z, M ).
OTHER SOURCES OF UNCERTAINTY
All previous results regarding markets M and trajectory sets S can be generalized by incorporating another source of uncertainty besides the stock. This extra source of uncertainty will be denoted by W = {W i } which, in financial terms, will be considered to be an observable quantity. This is analogous to moving from the natural filtration to an augmented filtration in the stochastic setting.
The sequence elements W i are assumed to belong to abstract sets Ω i from which we only require to have defined an equality relationship. We provide next the simple changes to the previous definitions to accommodate for the new source of uncertainty. The arrow notation → indicates how the objects change ((s 0 , w 0 ) are fixed).
Besides the above changes that concern mostly trajectory sets and the functional dependency H i () in terms of both variables S k ,W k (and some minor notational changes), all statements and properties appearing in the previous results, as for example the local 0-neutral property, only involve the first coordinate S i (in the tuples (S i ,W i )) in all algebraic manipulations. Clearly, H i is now required to be non-anticipative with respect two both variables S k and W k . For simplicity, options Z are still assumed to depend only on the tradable asset S. These remarks can be used to show that the results in the paper stay true in the extended formalism. The extended formalism is useful in practice, for example in the case of trajectory dependent volatility, details are presented in [14] .
CONCLUSIONS AND EXTENSIONS
The paper develops basic results on arbitrage and pricing in a trajectory based market model. The point of view reveals a basic extension to the classical martingale market structure, it allows for arbitrage while at the same time providing coherent prices. The proposed framework has also a clear conceptual and formal relationship to the well established risk-neutral approach. Given the basic nature of the arguments it is expected that extensions to other settings are possible as well.
We have concentrated on bounding the price of an option through superhedging and underhedging, selecting an actual price inside of this interval requires to adopt a functional to accommodate the ensuing risk-taking.
Several extensions of our present framework are under way, the paper [14] presents several examples of discrete model M and a practical algorithm to evaluate price bounds. In that reference, models of trajectory dependent quadratic variation are also studied. The manuscript [16] extends and generalizes some of the no arbitrage results to the case of transaction costs.
APPENDIX A. NO ARBITRAGE PROOFS
The following lemma simply enumerates, in a somewhat redundant form, the conditions representing the logical negation of Definition 6. Lemma 6. A discrete market model M is free of local arbitrage if for any (S, H) ∈ M and integer j ≥ 0 at least one of the following conditions holds:
The following definition provides a recursive version of the quantities appearing in Proposition 1.
Definition 21.
Consider an n-bounded, discrete market M and a function Z defined on M . Fix H ∈ H , and for any S ∈ S , set:
Observe that W ± 0 (S, H, Z, M ) does not depend on the whole trajectory S, just on S 0 , which is fixed. For this reason we will write W ± 0 (S 0 , H, Z, M ).
We will use the notation W
Lemma 7. Consider a discrete market M = S × H , free of local arbitrage. For a fixed H ∈ H and an integer n ≥ 0, define S n = S n (H) ≡ {S ∈ S : N H (S) ≤ n} and M n ≡ S n × H . We have:
Proof. We proceed by induction; it is certainly true for j = n, so assume it holds for j satisfying 0
, by inductive hypothesis,
where one can check that the last inequality follows by using our assumptions that at least one of the conditions (1) − (7) in Lemma 6 hold.
Proof of Theorem 1
Proof. Fix H ∈ H , we split the proof in two cases. Case I: consider first the situation when there exists S * ∈ S and i * such that conditions (2) or (4) or (5), from Lemma 6, and H i * (S * ) = 0 hold at S = S * and j = i * . We may assume i * to be the smallest such integer, notice that, necessarily, i * < N(S * ). Set n = N H (S * ), we claim that:
where M n was introduced in Lemma 7. We will first check (A.2) for j = i * ; using (A.1) for j = i * + 1 it follows that (S n = S n (H), used below, was introduced in Lemma 7 as well)
where the last inequality follows from the validity of (2) or (4) or (5) (from Lemma 6) and the fact that H i * (S * ) = 0. The case when 0 ≤ j < i * is handled by induction by assuming (A.2) to hold for 0 < j ≤ i * .
Given that j − 1 < i * and from our choice of i * , it follows that H j−1 (S * ) = 0 or (1) or (3) or (6) or (7) (from Lemma 6) hold at j − 1 and S * . Then,
where the strict inequality follows from (A.2) and the last inequality follows from the fact that H j−1 (S * ) = 0 or (1) or (3) or (6) or (7) (from Lemma 6) hold at j − 1 and S * .
It follows that W
for the Case I under consideration, in particular n = N(S * ). Case II: It remains to consider the case when S * and i * as introduced above do not exist. In this case, for any S ∈ S and any integer i we will have that (1) or (3) or (6) or (7) from Lemma 6 hold for such S and j = i.
Consider n ≥ 0 such that S n = S n (H) ≡ {S ∈ S : N H (S) ≤ n} = ∅ but otherwise arbitrary. Recall that W + n (S, H, M n ) = 0 for all S ∈ S n and assume, to argue by induction, that for 0 < j ≤ n, W
where we have used the inductive hypothesis and, in the last equality, the conditions of Case II under consideration. It follows that APPENDIX C. SOME TECHNICAL RESULTS Next definitions and lemma will be used for induction purposes. The sup n≥0 , n is understood to be taken only over sets S n = ∅.
Proof. (a), will be proven by induction, since for n = 1, U such that The second equality in (b), is an application of (a) with M = S × {H}. The first two equalities in (c) are immediate, and the last follows from (b). We will include a proof for the first one.
Let S ′ ∈ S , then S ′ ∈ S n for some n, it follows that The reverse inequality is clear.
